Abstract. We study the geodesic two-and three-point functions of random weighted cubic maps, which are obtained by assigning random edge lengths to random cubic planar maps. Explicit expressions are obtained by taking limits of recently established bivariate multi-point functions of general planar maps. We give an alternative interpretation of the two-point function in terms of an Eden model exploration process on a random planar triangulation. Finally, the scaling limits of the multi-point functions are studied, showing in particular that the two-and three-point functions of the Brownian map are recovered as the number of faces is taken to infinity.
Introduction
During the last few decades an increasingly intricate picture of the geometry of random surfaces has emerged. Of particular importance are the multi-point functions that describe the probability distributions of geodesic distances between random points in the surfaces. The first such two-point function was derived in [3] in the setting of random planar triangulations by a transfer-matrix approach. A striking result of this analysis is that in the limit of large triangulations the volume of a geodesic ball on average does not grow with the square of its radius, but with its fourth power, providing strong evidence that two-dimensional quantum gravity possesses a fractal dimension that is different from its topological dimension.
Later the discovery of a distance-preserving bijection between planar quadrangulations and certain labeled planar trees [23, 11] sparked a renewed interest in the distance statistics of random surfaces. Using this bijection the two-point function of random planar quadrangulations [6] was established rigorously. It was extended to more families of planar maps with various restrictions on the degrees of the faces [12, 9] and recently to bivariate two-point functions of general planar maps [2, 7] , i.e. with prescribed number of vertices and faces. Moreover, a clever application of an extension of the previously mentioned bijection [20] allowed for the three-point function, measuring the pair-wise distances between three random vertices, to be established for random quadrangulations [8] . Very recently, using the techniques from [2] , also this was extended to a bivariate three-point function for general planar maps [14] .
Each of these two-and three-point functions can be seen to have identical asymptotics (up to normalization of the geodesic distance) in the limit of large graphs. This may be viewed as a consequence of the recently proven fact that various families of random maps, including planar maps with fixed face degrees [19, 21] and general planar maps [5] , converge as metric spaces to a single random continuous metric space, known as the Brownian map.
In this paper we will study distances in yet another family of planar maps, namely cubic planar maps, i.e. planar maps for which the vertices all have degree three. Currently an exact expression for the two-point function of such planar maps is unknown (although the transfer matrix approach in [18] comes close), likely due to the fact that the usual distance-preserving bijections are not easily adapted to a setting where the degree of the vertices is restricted. However, the situation changes when one adapts the notion of distance in a planar map by introducing length variables on the edges of the planar maps, the result of which we call a weighted map. When one takes the edge lengths to be independent exponential variables, the associated multi-point functions of weighted maps turn out to be related to a particular limit of the bivariate multi-point functions of general planar maps (as we will see in section 3). This limit was first studied [2] as a non-trivial scaling limit, known as generalized causal dynamical triangulations, of planar quadrangulations with finitely many local maxima of the distance functions to a marked vertex.
It would be of general interest to find out whether random weighted cubic maps as random metric spaces converge to the Brownian map, when the number of vertices is taken to infinity, just like for the previously mentioned families of maps. Showing this is beyond the scope of this investigation, but once we have the two-and three-point functions we can at least check that in the scaling limit they agree with those of the Brownian map, as we will do in section 8.
The geometry of random cubic weighted maps is not only interesting in its own right, but some of its aspects have a direct interpretation in terms of well-known statistical systems that are generalized to live on a random planar map instead of a regular lattice. First passage percolation [16] describes distances on the (two-dimensional) regular lattice for which the lengths of the edges are taken to be independent (identically distributed) random variables. In the case of exponentially distributed edge lengths this model is known to be closely related to the Eden model [13] , which describes the random growth of a cluster of vertices. It turns out that, similarly, knowledge of the multi-point functions of weighted cubic maps provides detailed information about the statistics of an Eden model on a random planar triangulation (see section 6) .
A particularly interesting property of the Eden model on the lattice is that the fluctuations in the shapes of the clusters are believed to be described by the Kardar-Parisi-Zhang universality class [17] in a particular scaling limit. An interesting question, which was raised in [22] , is whether an analogous scaling limit exists when the Eden model is coupled to gravity, e.g. by putting it on a random triangulation or cubic planar map. And if it exists, what are its scaling exponents? In order to investigate these questions we need an understanding of the relation between the distance in a weighted cubic map to the graph distance of the corresponding unweighted map. As a first step in this direction, we will show how a particular limit of the derived multi-point functions allow us derive bounds on the ratio of these distances.
Finally, we should mention the potential relevance of this work to the program set out by Miller and Sheffield in [22] . They propose a Quantum Loewner Evolution as the scaling limit of the Eden model on a random triangulation and hope to identify the explored regions of this process with the geodesic balls in the Brownian map. Given the close connection between the Eden model on a random triangulation and the random weighed cubic maps, any evidence of the convergence of the latter to the Brownian map could be useful in achieving that goal.
Random weighted maps
For a planar map m, denote its set of undirected edges by E(m), its set of directed edges by E(m), and its set of vertices by V(m). A weighted map (m, L) ∈ X is a pair consisting of a planar map m and a length function L : E(m) → R + . One can associate to (m, L) a metric space X m,L given by the quotient metric space of a disjoint union of intervals,
where ∼ appropriately identifies end-points of intervals according to the incidence relations of m. The metric space X m,L comes with a natural measure dµ originating from the Lebesgue measure on the intervals.
In this paper the edge lengths L(e) will be independent random variables taken from an exponential distribution with unit expectation value, i.e. for a fixed planar map m the probability measure is
A measure on the space of weighted maps X is obtained by taking the product of this measure and a measure on the space of planar maps M. In general the latter will be a restriction of the uniform measure ν F,n on the space M F,n of planar maps with F faces and n (distinguished and distinct) marked vertices. By "uniform" we mean that a planar map m carries measure ν F,n ({m}) = 1/|Aut(m)|, where Aut(m) is the group of (orientation preserving) automorphisms of m preserving the marked vertices. Equivalently, one may consider the corresponding measure on rooted planar maps, i.e. planar maps with a distinguished directed edge, with measure 1/(2|E(m)|). However, the root will play no special role in the following and therefore we choose to stick to unrooted planar maps to reduce notational clutter. In addition, we will consider (restrictions) of the grand canonical measure ν n on the space M n of planar maps with n marked vertices, which includes a factor of g for each face, i.e.
Several subclasses of planar maps will be of importance later. In each case we will use the notation M • F,n to denote the set of planar maps equipped with the (appropriate restriction of the) measure ν F,n (m) and X • F,n to denote the corresponding weighted maps with the product measure ν F,n (m, L) of ν F,n (m) and (2) . Similar notation will be used for the grand canonical
F,n be the space of cubic planar maps, where each vertex has degree 3. More generally, we define the space of almost cubic maps M 2.1. Multi-point functions. Given any of these subclasses of planar maps, we can define the multi-point functions
In particular, we will consider the two-point function 1
and the three-point function
Notice that, by definition of the measures dν • F,n , the vertices v i in (5) and (6) are not allowed to coincide. Remark 1. Another natural two-point function one can assign to weighted maps is the geometric two-point function
where µ is the natural (Lebesgue) measure on X m,L . When the points x 1 , x 2 sit in generic positions, one can naturally associate a weighted map in X
F,n to (m, L, x 1 , x 2 ) by insertion of marked bivalent vertices at the points x 1 , x 2 . As a consequence of the exponential distribution of the edge lengths, the measure dν F,0 (m, L)dµ(x 1 )dµ(x 2 ) is precisely mapped to the measure dν F,2 restricted to X (2)
F,2 (T ) as long as F ≥ 3. Similarly, the natural generalization of (7) to the three-point function
F,2 (T ) and G F of rooted cubic planar maps with F ≥ 3 faces can be found, among other places, in [15] and is given by
where the root t = O(g) is chosen, and W
F is given explicitly by
Lemma 1. The measure ν F,n (X
F,n ) of the set of (unrooted) almost cubic planar maps with F faces and n marked vertices of degree d is given for d = 3, 2, 1 by
Proof. A cubic planar map with F ≥ 3 faces has |E(m)| = 3(F − 2) edges and |V(m)| = 2(F − 2) vertices. Therefore n (distinct) vertices can be marked in (2F − 4)!/(2F − 4 − n)! ways and (10) follows directly from (9). For n ≥ 1 and n + F ≥ 4, any almost cubic planar map in M
F,n can be obtained uniquely from a planar map in M (2) F,n−1 by inserting a marked bivalent vertex in one of its (3F − 7 + n) edges. Therefore ν F,n (M
F,n−1 ) and (11) follows from the fact that
F,0 ) for F ≥ 3, while the case F = 2 can be checked by hand. Similarly, for n ≥ 1 and n + F ≥ 4, any planar map in M F,n−1 by inserting a cubic vertex in one of its (3F − 8 + 2n) edges and connecting it to a new marked 1-valent vertex. Since the latter vertex can be on either side of the edge, we find that
F,0 ) for F ≥ 3, while the cases F = 1 and F = 2 are easily checked.
2.2.
Properties of the multi-point functions. Based on these results we can already determine a number of limits and integrals of the multi-point functions (5) and (6) . First of all, let us consider the T → 0 limit of the two-point function G • F,2 (T ). It is not hard to see that in this limit the only planar maps (m, L) ∈ X • F,2 contributing to G • F,2 (T ) are those for which the marked vertices v 1 and v 2 are connected by an edge e with length L(e) → 0. Hence we may write G
where the sum is over edges e connecting v 1 and v 2 . In the case m ∈ X
F,2 only the planar map m consisting of a single edge will contribute, leading to G
(1)
On the other hand, if d ≥ 2 and m ∈ X (d) F,2 contributes to (17) with an edge e ∈ E(m), one can contract the edge to obtain a weighted map in X (2d−2) F,1
. Since any weighted map in X (2d−2) F,1 can be obtained accordingly in exactly 2d − 2 ways, we find that
More generally, for
).
Finally, from their definition one can immediately deduce that the integrals of the two-and three-point functions are given by
Weighted maps from general planar maps
Let m ∈ M F,n , F +n ≥ 3, be a planar map with F faces and n (distinguished) marked vertices. We define Φ(m) to be the unique maximal submap of m containing the n marked vertices while all its other vertices have degree larger than one, which can be obtained from m by repeatedly deleting dangling edges, i.e. edges of which one of the extremities is unmarked and has degree one. When F + n ≥ 3, this determines a well-defined, idempotent map Φ : M F,n → M F,n (see figure 1) .
Given > 0, we can associate a weighted map Ψ (m) := (m , L) to a planar map m ∈ M F,n in the following way. We define the planar map m to have vertex set V(m ) ⊂ V(m) given by all vertices of m except the unmarked bivalent vertices. An edge e ∈ E(m ) with length L(e) = k from v 1 to v 2 exists if and only if there is a chain of edges {e 1 , . . . , e k } ⊂ E(m) of length k from v 1 to v 2 such that for each i = 1, . . . , k − 1, e i and e i+1 share an unmarked bivalent vertex. Since m naturally inherits an embedding from m, the weighted map (m , L) is well-defined and unique. Therefore we have a map Ψ : M F,n → X F,n (see figure 1) .
Let ν F,n,x be the discrete measure on the space M F,n of planar maps with F faces and n marked vertices such that each such planar map m carries measure x |E(m)| /|Aut(m)|.
converges weakly to the measure ν F,n on X
F,n as x → 1/4 from below. Proof. We will first determine the discrete measureν F,n,x := Φ * (ν F,n,x ). Let m ∈ Φ(M F,n ). Each map in the preimage Φ −1 (m) can be obtained uniquely from m by gluing a (potentially empty) rooted tree in each corner of m. The number of rooted trees with E edges is given by the Φ Ψ Catalan number
. Since the number of corners of m equals 2|E(m)| we find that
By construction the discrete measureν F,n,x, := 3F +2n−6 (Ψ • Φ) * (ν F,n,x ) has support on weighted maps (m, L) ∈ X F,n for which m contains no unmarked vertices with degree smaller than three and L(e)/ ∈ Z + is a positive integer for each edge e. Using (19) we find that for such a weighted map
Hence for fixed m, the measure of the set of weighted maps (m, L) with arbitrary L is given by
Using Euler's formula |V(m)| − |E(m)| + F = 2, one finds that |E(m)| ≤ 3F + 2n − 6, while equality holds if and only if the n marked vertices have degree one and all other vertices are cubic. Therefore, if we set = (x) and consider the limit as x → 1/4 from below, we find in the latter case that (21) converges to 1/|Aut(m)| and to zero otherwise. It remains to show that for a fixed planar map m and a continuous function f : R
To leading order in = (x), the right-hand side of (20) is given by (23) and therefore
which indeed gives (22) .
Recently, explicit generating functions have been found for the two-point functions [2, 7] and three-point functions [14] for general planar maps with fixed number of edges and faces. In the following sections, we will show how Theorem 1 can be used to derive the weighted map multi-point functions from these functions.
Two-point function
As in the previous section, let ν F,n,x be the discrete measure x |E(m)| /|Aut(m)| on planar maps m ∈ M F,n with F faces and n marked vertices. The discrete two-point function G F,x : Z → R for general planar maps is defined as
where
is the graph distance between the marked vertices. The corresponding generating function is denoted by
In [2, 7, 14] an explicit expression for G z,x (t) was found, which, borrowing some notation from [14] , reads
are the solutions to
Theorem 2. The two-point functions G
g,2 (T ) for almost cubic weighted maps are given by
and α is the largest positive solution to
or explicitly
Proof. Let φ(T ) : R + → R be a smooth test function with support on some compact subinterval of R + . Then by definition
Suppose > 0 and let m ∈ M F,2 be a planar map with marked vertices v 1 and v 2 . By construction, the distance
Therefore, by Theorem 1 one can express (35) in terms of G F,x (t) by
For g > 0 sufficiently small, one can turn this into a relation between the generating functions G
g,2 (T ) and G z,x (t),
= lim
where the second equality is justified by the fact that that there exists a c > 0 and B > 0 such that
for all sufficiently small . According to (39) we should parametrize x = x( ) and z = 3 g and consider the limit → 0 for fixed (sufficiently small) g > 0. Equations (28) and (29) are solved to leading order in by
where Σ = 
for T > 0. Using (27), we find that (39) is equal to
Since by construction G
g,2 (T ) is regular as T → 0, we conclude that G
F,2 be a weighted map with F ≥ 2 faces and let e 1 and e 2 be the edges incident to the marked vertices. Removing the edges e 1 and e 2 and marking the vertex or vertices at their other endpoint, one obtains a weighted map (m , L ), which either (A) has two marked bivalent vertices, i.e. (m , L ) ∈ X figure 2). This observation leads to the decomposition G
g,2 (T ), where the ge −T is the contribution of the weighted maps with F = 1 faces.
Notice that we can write
where the factor of 4 comes from the fact that the edges e 1 and e 2 can be on either side of the marked vertices of m . We can solve (47) for G
On the other hand, it is clear that G
g,2 (T ) will be of the form
Therefore
g,2 (T ) = 0 (and (1 + ∂ T )ge −T = 0 of course) and (31) follows. One can easily calculate
and therefore the first few terms of the two-point functions read
Let us check some properties of G
g,2 (T ) and G
g,2 (T ). First of all, their integrals are given by
which can be checked to be generating functions of (12) and (11) respectively for n = 2, confirming (17) .
On the other hand,
which agree with (14) and (15) respectively. In section 6 the expression for G
g,2 will be rederived using a different perspective, which will clarify the appearance of the differential operator (1 + ∂ T ) and will allow us to derive an expression for G (3) g,2 (T ).
Three-point function
The steps in the previous section can be repeated to obtain the three-point function from its discrete counter part G z, x (d 12 , d 23 , d 31 ) for general planar maps. It will be convenient to use the parametrization
and to define the corresponding three-point functions
In [14] an explicit expression was found for
It can be summarized as 2
using the same notation [t] σ,a := 1 − aσ t as before.
Theorem 3. The three-point functionsḠ
g,3 (S, T, U ) for weighted cubic maps are given bȳ
2 The 1 + · is there to compensate for the fact that the irrelevant constant term present in F where G (2) g,2 (T ) is two-point function from Theorem 2 and
and C g (T ) as in (32).
Proof. Setting x = x( ) = (1 − 2 /4)/4, z = 3 g, s = S/ , t = T / and u = U/ , one can check that we have the following limits for S, T, U, g fixed:
By construction we have the identity
Application of Theorem 1 shows that the right-hand side can be expressed in terms of the discrete three-point function
If we decompose the sum according to the parity of d 12 + d 23 + d 31 , we get exactly sums of the form (61) and (62), up to boundary terms which vanish as → 0. Therefore, using (71) and (72), we find that
Since F g (S, T, U ) is a smooth function on R 3 + which takes value 1 on the boundary, the threepoint functionḠ (1) g,3 (S, T, U ) is non-singular and can be obtained by differentiating given by (75), i.e.Ḡ
As for the two-point function we will constructḠ (2) g,3 (S, T, U ) by considering the operation of removing the edges e 1 , e 2 , e 3 incident to the marked vertices of a weighted map (m, L) ∈ X (1) F,3 . Assuming F ≥ 2, we distinguish two cases: either (A) no pair of the three edges shares a vertex, or (B) exactly one pair of edges shares a vertex. It is not hard to see that the three-point functionḠ (1) g,3 (S, T, U ) decomposes accordingly as
where 2ge −S−T −U is the contribution for F = 1. Suppose in case (B) that e 1 and e 2 share a vertex v, then S = L(e 1 ), T = L(e 2 ) and after removal of the edges e 1 and e 2 the remaining weighted map has two 1-valent vertices separated by a distance U . Hence, we can express G (B)
g,3 (S, T, U ) in terms of the two-point functions as
where the last term is necessary to remove the contribution for F = 1. On the other hand, similarly to (47), we havē
Combining (77) with (78) and (56) shows thatḠ (80) Expression (66) follows from the fact thatḠ F,3 contribute equally to F even g (S, T, U ) and F odd g (S, T, U ) except when the three geodesics meet in a point (the geodesics are "completely confluent"). In particular, the three-point functionḠ (1) g,3,conf (S, T, U ) of weighted maps with completely confluent geodesics is given bȳ
Let us check some integrals of the three-point functions in Theorem 3. First of all
which is precisely the generating function for ν F,3 (X
F,3 ) in (12) . The measure of the subset of X (2) F,3 for which strict triangle inequalities hold is given by
while for the subset with saturated triangle inequalities (i.e. the second line of (66)) it is
Adding these together we find
which is the generating function for ν F,3 (X
F,3 ) in (11). 
Coincidence limit.
We already observed thatḠ
g,2 (S + T ), which has the clear interpretation that the vertex v 3 must be located somewhere along the geodesic from v 1 to v 2 . One may also check that
This in turn allows us to evaluate the limit S, U → 0 (but S, T, U = 0) ofḠ
which, despite its simplicity, is not easily interpreted from the geometric point of view, because we are enforcing strict triangle inequalities. In fact, as we will see below, if we attempt to derive the limit by inspecting the contributing weighted maps, we arrive at a different identity. Let us consider a weighted map (m, L) ∈ X
F,3 with geodesic distances corresponding to S, T, U , where both S and U are infinitesimally small but positive. This corresponds to a situation where two of the marked vertices, say v 1 and v 3 , are infinitesimally close, but strict triangle inequalities with the other vertex v 2 are maintained. Two types of configurations of the three points are possible (as is illustrated in figure 3 ): (A) either v 1 and v 3 are adjacent to a cubic vertex v and d X m,L (v 2 , v) = T , or (B) there is an (infinitesimally short) edge e connecting v 1 and v 3 containing a local maximum of the distance function d X m,L (v 2 , ·). In case (A), merging v 1 and v 3 leads to an almost cubic weighted map with both a cubic and a bivalent marked vertex separated by a distance T . Moreover, each such weighted map can be obtained in precisely two ways, since the same weighted map would have been obtained if v 1 and v 3 were interchanged. In case (B), merging v 1 and v 2 leads to an almost cubic weighted map with two bivalent vertices separated by a distance T that is conditioned to be realized by two geodesics. In fact we may identify 
F,3 are completely confluent and U is infinitesimal (but nonzero), v 3 must be close to a cubic vertex on the geodesic from v 1 to v 2 but v 3 cannot be on that geodesic.
Recall that the two-point function G (2) F,2 (T ) can be identified with the geometric two-point function G geom F,2 (T ) defined in (7) for F ≥ 3. In fact, we can represent G
For a fixed weighted map the integrand only changes with increasing T when either a vertex (+1) or a local maximum (−2) is encountered. The derivative
F,2 (T ) therefore satisfies
Combined with (87) and (87) this leads to
5.2. Collinear limit. Next let us consider just the limit U → 0 ofḠ (2) g,3 (S, T, U ) while S, T > 0 are kept fixed. This limit is of particular interest when we restrict to the completely confluent part ofḠ (2) g,3 (S, T, U ), i.e.
withḠ (1) g,3,conf (S, T, U ) as in (81). In the limit U → 0 the weighted maps (m, v 1 , v 2 , v 3 ) contributing to this three-point function must have their vertex v 3 infinitesimally close to a vertex v that lies on a geodesic from v 1 to v 2 with distance S to v 1 and T to v 2 (see figure 4) . Hence, by integrating over S while keeping S + T fixed, one finds that
gives the two-point function for weighted maps with two marked bivalent vertices connected by a geodesic of length T and a marked cubic vertex on the geodesic. The expected number of cubic vertices V F,T on a geodesic of length T in a random weighted map with F faces is then given by
and, of course, the expected number of edges in the geodesic by V F,T + 1. Moreover, since the number of edges in the geodesic from v 1 to v 2 gives an upper bound for the graph distance
, the expected graph distance satisfies the inequality
Using (94) and (81) one finds
and therefore
g,2 (T )
A tedious calculation shows that the latter integral is given by
For example, for F = 3 and F = 4 we have
Relation to the Eden model on random triangulations
Given a planar map m we define an exploration process of length k to be a sequence e = ((V t , E t )) k t=0 of pairs consisting of subsets of explored vertices V t ⊂ V(m) and subsets of explored edges E t ⊂ E(m) satisfying the following properties:
(1) Both endpoints of each edge e ∈ E t are contained in V t .
(2) For each t = 1, . . . , k, there exists an edge e / ∈ E t−1 such that at least one of its endpoints is in V t−1 and E t = E t−1 ∪ {e}.
For each t = 0, . . . , k we define the subset of frontier edges F t ⊂ E(m) to contain the directed edges that start at vertices in V t , but of which the unoriented versions are not in E t (see figure  5 ). An exploration process is complete if E k = E(m). An exploration process started at a vertex v is an exploration process with V 0 = {v} and E 0 = ∅. Finally, by an exploration process of m started at an edge e we mean an exploration process of m 1 started at vertex v, where m 1 is obtained from m by inserting a bivalent vertex v in edge e (see figure 5 for an example).
Clearly, an exploration process is fully determined by an initial pair (V 0 , E 0 ) and a (deterministic or probabilistic) algorithm that selects a frontier edge at each step t. The Eden model exploration process corresponds to the probabilistic algorithm that selects a frontier edge uniformly at random from F t at each step t. One can either consider a complete Eden model process or stop the process according to some algorithm. Of particular interest is the Eden model exploration process with stopping weight w, where at each time t the process is stopped with probability w/(| F t | + w). Instead of just choosing a frontier edge uniformly at random, this comes down to randomly selecting either a frontier edge, each with weight 1, or to stop with weight w.
It is well-known that the Eden model exploration process on a planar map m is closely related to the geodesic balls in m when the edge lengths are taken to be exponential random variables. To be precise, let V 0 ⊂ V(m) be a subset of the vertices of m, and let L : E(m) → R + be random edge lengths as in (2) . Define the
where by x ∈ e we mean that x ∈ X m,L is contained in the interval associated to the edge e. Almost surely the values d X m,L (e, V 0 ), e ∈ E(m), are distinct and therefore we can uniquely identify a complete exploration process e L by setting E n , 0 ≤ n ≤ |E(m)|, equal to the set of n edges which have smallest max-distance d X m,L (·, V 0 ). Moreover, one obtains an exploration process e L,w of random length k by sampling in addition an exponentially distributed random variable T with expectation value 1/w, and stopping e L,w after k steps where k is the number of edges with max
Lemma 2. The random exploration process e L,w described above is identical in law to the Eden model exploration process with stopping weight w started at V 0 .
Proof. Let k ≥ 0 be the length of the exploration process e L,w . It suffices to check that the conditional probabilities
agree for all 1 ≤ t ≤ |E(m)|, and all possible E ⊂ E(m) and edges e. Notice that by construction this probability for the Eden model is 0, 1/(| F t−1 |+w), or 2/(| F t−1 |+w), depending on whether respectively none, one, or two of the orientations of e are in the frontier F t−1 . Let us consider the exploration process e L,w conditioned as in (104). If we define
then the condition is equivalent to T 0 ≤ T and T 0 < T 1 . For each edge e ∈ E(m) that has at least one of its orientations in F t−1 let us define ∆T (e ) as follows. If e ∈ E(m) has precisely one of its orientations in F t−1 and v is the endpoint of e for which v ∈ V t−1 , let
On the other hand, if both orientations of e are in F t−1 and v, v ∈ V t−1 are its endpoints, let
Since T 1 − T 0 = min e ∆T (e ), the condition T 0 < T 1 is equivalent to ∆T (e ) > 0 for all e . Since the L(e ) were originally independently, exponentially distributed with expectation value 1, with this condition the ∆T (e ) are exponentially distributed with expectation value 1 in the case of (106) and expectation value 1/2 in the case of (107). In particular, T 1 − T 0 is exponentially distributed with expectation value 1/| F t−1 | and the situation T 1 − T 0 = ∆T (e ) occurs with probability 1/| F t−1 |, respectively 2/| F t−1 | for an edge e with one, respectively two, orientations in e ∈ F t−1 . Moreover, since T was exponentially distributed with expectation value 1/w, conditioned on T > T 0 the probability that T > T 1 is equal to | F t−1 |/(| F t−1 | + w). Combining these probabilities we recover the probabilities mentioned above for the Eden model. Lemma 3. Given a planar map m, two distinct vertices v 1 , v 2 ∈ V(m) and w ∈ R + , the following three probabilities are equal, where e is an Eden model explorations process on m:
(a) The probability that e reaches v 2 , i.e. v 2 ∈ V k , when e is started at v 1 and has stopping weight w. (b) The probability that the submap explored by e eventually becomes connected, when e is started at V 0 = {v 1 , v 2 } and has stopping weight 2w. (c) The probability Proof. Notice that the last probability P m,w (v 1 , v 2 ) is also the probability that an edge e ∈ E(m) exists that has v 2 as its endpoint and for which the max-distance d X m,L (e, v 1 ) < T . By Lemma 2 this is exactly the probability of (a). Second, observe that d X m,L (v 2 , v 1 ) < T is equivalent to the condition that the set of edges e for which d X m,L (e, {v 1 , v 2 }) < T /2 comprises a connected submap containing v 1 and v 2 , but by Lemma 2 this is equivalent to situation (b).
In the following we will simply refer to this probability as P m,w (v 1 , v 2 ) and we will use the convention P m,w (v 1 , v 2 ) = 0 when v 1 = v 2 .
Using these results we can interpret the two-point functions of weighted maps in terms of the Eden model exploration processes. Indeed, the sum of the probabilities P m,
In particular, the following expressions for the generating functions can be derived from (30) and (31),Ĝ
where B(x; a, b) is the incomplete beta function.
F,1 and e ∈ E(m), let m ∈ m
F,2 be the weighted map obtained from m by inserting a bivalent vertex v 2 in the edge e. Then P m ,w (v 1 , v 2 ) is equal to the probability P (e ∈ E k ) that the edge e is explored in an Eden model exploration process with stopping weight w on m started at v 1 . This means that we can interpretĜ F,2 (w) as a sum over expectation values of the number of explored edges. To be precise, we have the following result.
Theorem 4. Let m be a uniformly random rooted cubic planar map with F ≥ 3 faces. The expected length k F,w of an Eden model exploration process with stopping weight w started at the root edge is
g,2 (w) is the coefficient of g F in (110). Proof. This is a simple combination of the remark above and (11) with n = 1. 
Let e = ((V t , E t )) k t=0 be an Eden model exploration process on a planar map m. We define the explored submap at time t to be the planar map m t obtained from the submap m t of m with edges E t by inserting a new marked vertex, called an external vertex, in each face of m t that contains at least one frontier edge and a new edge starting at the starting corner of each frontier edge in F t and ending at one of the external vertices (see figure 6b) . To each external vertex v we can associate the unexplored submap represented by v, which is given by contracting the edges of m that do not lie in the interior of the face of m t corresponding to v to a single marked vertex (see Figure 6c ). In case m possesses an unexplored marked vertex v 1 , it is contained in a unique unexplored submap, which can then be regarded as having two marked vertices (the red dot and the open dot in Figure 6c ).
be a random planar map (with respect to the measure ν F,2 ) and let e = ((V t , E t )) k t=0 be an Eden model exploration process started at v 1 with stopping weight w. For t ≥ 0, conditioned on k ≥ t, on v 2 / ∈ V t , on the explored submap m t at time t, and on the unexplored submap containing v 2 being a member of M
F ,2 , the probability that e reaches v 2 equals the probability that a similar exploration process started at v 1 on a random
w.r.t. the measure ν F ,2 reaches v 2 .
Proof. Let (m, v 1 , v 2 ) and e be conditioned as above. By Lemma 2 the described probability P is equal to the probability that d X m,L (V t , v 2 ) < T for random edge lengths L and and an exponential random T with mean 1/w. Since the shortest path from v 2 to V t in X m,L is necessarily contained in the face of m t corresponding to the external vertex v, its random length is identical in law to the distance between the marked vertices in the unexplored submap (m , v 1 , v 2 ) if its edge lengths are chosen randomly with the same distribution. Therefore P is equal to the probability that an Eden model exploration process started at v 1 on m reaches v 2 . The result follows by noting that, for fixed F and
can occur as unexplored submap and the probability distribution agrees with that of the measure ν F ,2 .
For convenience let us introduce the notation G
F,2,r (T ) for the rooted two-point function of almost cubic maps with one of the edges starting at v 1 marked as root edge, which is given by
and corresponding Laplace transformĜ
F,2,r (w). Similarly, we define the rooted one-point function as W
with the convention that W (0)
Notice that, with this convention, (16) implies that G
Finally, let us introduce the generating functions
and
Proposition 1. For d 1 , d 2 ≥ 1, the rooted two-point functions satisfy the equations
and their generating functions satisfy
Proof. Let us inspect the first step of an Eden model exploration process e with stopping weight w started at the vertex v 1 of a random (m,
. With probability w/(d 1 + w) the process is killed immediately. Otherwise E 1 = {e} and e is an edge starting at v 1 and ending at v 1 . Three situations are now possible:
The probability P that e reaches v 2 decomposes accordingly as
In case (A), e necessarily reaches v 2 therefore P A is simply the probability of case (A) occurring, which is
where we used (117).
In case (B), the explored submap at time t = 1 contains one external vertex of degree d 1 + 1 representing an unexplored submap with F faces. Applying Lemma 4 we find
In case (C), which can only occur when d 1 ≥ 3 and F ≥ 2, the explored submap at time t = 1 contains two external vertices, v and v . The sum of the degrees of the external vertices is d 1 − 2 and the total number of faces in both unexplored submaps is F . Therefore, the probability that (C) occurs and that v 2 is in the unexplored submap represented by v with 1 ≤ F < F faces and v having degree 1
Hence, using Lemma 4,
where the factor of 2 comes from the fact that v 2 can be in either of the two unexplored submaps. Plugging the probabilities P A , P B , and P C into (122) leads to
but this is exactly the Laplace transform of equation (120). By plugging (118) and (119) into (121) one can easily check that (121) is equivalent to (120).
For d 1 ≤ 2, the sum in (120) vanishes and therefore Proposition 1 implies
Hence, we recover (92) and moreover we obtain the following.
Corollary 1.
The two-point function G
g,2 (T ) for weighted cubic maps is given by
with C g (T ) as in Theorem 2.
Remark 3. In principle one can apply similar techniques to obtain the three-point function G
g,3 (S, T, U ) fromḠ (2) g,3 (S, T, U ). However, this requires a non-trivial investigation of edgecases and an extension of Lemma 4 to disconnected explored submaps. We leave this to future investigation.
Remark 4. Except for the statement in Lemma 4, we have not utilized the general Markovian properties that the exploration process most likely possesses. For instance, most of the results for the Eden model exploration process, like that of Theorem 4, should hold for any exploration process governed by a (deterministic or probabilistic) algorithm that selects a frontier edge independently of the unexplored part of the planar map. See e.g. [4] for an investigation in the case of infinite planar triangulations.
Large graph limits
All generating functions that we have encountered have a radius of convergence equal to 
It follows immediately that for large random weighted maps the expected number V F,T of cubic vertices on a geodesic of length T scales linearly with T . To be precise,
Of course, this formula also holds for the situation where the marked vertices are cubic. It follows from (97) that the expected graph distance d m (v 1 , v 2 ) F,T is bounded from above by (1 + 1/ √ 3)T as F → ∞. On the other hand, by the central limit theorem, conditioned on 
Remark 5. Notice that (145) implies that the expected density of vertices at a distance S along the geodesic is equal to 1 + 1/ √ 3 as F → ∞. It is quite plausible that the densities at different distances are independent enough to make the average density of vertices along the geodesic almost surely equal to 1 + 1/ √ 3. If that is indeed the case, one may conclude that in the limit F → ∞ the ratio of the graph distance and geodesic distance between a random pair of vertices is almost surely between 1 and 1 + 1/ √ 3. This can be easily checked numerically using a Monte Carlo simulation, as can be seen in Figure 7 for a random weighted cubic map with F = 32000 faces. In fact, the numerics suggest that the graph distance is precisely in the middle of the two bounds, i.e. that ratio is 1 + 1/(2 √ 3), with high probability. The ratio 1 + 1/(2 √ 3) can in fact be obtained heuristically by comparing the continuum limit of the differential equation (121) to the analogous equation (19) in [18] for the transfer matrix. Finally, by comparing the continuum two-point function (141) to that of random triangulations, which can e.g. be deduced from the results in [19] , we expect the ratio of the geodesic distance T to the triangulation-distance to be 2 √ 3.
8.2. Local limit. Finally, let us have a look at the F → ∞ limit of the two-point function G
F,2 (T ) while keeping T fixed, also known as the local limit of G
F,2 (T ). It can again be found by scaling g = g * (1 − 24 2 ) in G (1) g,2 (T ) and determining the first non-analytic term in the expansion in , which turns out to be the one proportional to 3 . Performing this calculation shows that to leading order in F ,
while analogous formulas for G
F,2 (T ) and G
F,3 (T ) are obtained by taking derivatives with respect to T .
As an application one may obtain the F → ∞ limit of the expected length k F,w of an Eden model exploration process with stopping weight w started at the root edge of a random cubic planar map with F faces. Using Theorem 4 we find lim F →∞ k F,w = p 0 (w) w 4 −
